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Joint inverse dynamic problem
for the 1D heterogeneous
isotropic medium*

S.N. Yermolayev

The present paper deals with the “joint” inverse dynamic seismic problem. An
attempt is made to increase precision of the medium structure reconstruction. The
problem is solved for medium having absorption, using complementary information
on real structure of the medium.

1. Introduction

Precision and timeliness of forecasting the stratum properties in the borehole
have a considerable influence upon effectiveness of boring (increase of speed,
decrease of cost and accident rate). In this connection, the necessity in
algorithms which can more exactly reconstruct the medium in the borehole
arises. It is natural to assume that, having additional information of the
medium structure along the borehole (obtained, for example, by means of the
vertical seismic profiling (VSP) method or of the stratum property analysis
in the course of boring), we can get more stable and consequently more
accurate seismic methods.

The present paper deals with the inverse dynamic seismic problem. An
attempt is made to increase precision of the medium structure reconstruc-
tion. The problem is solved for media having absorption. The absorption
of the medium is simulated as coefficient of the first-order derivative with
respect to the time co-ordinate in the general system of dynamic elasticity
theory equations, as done in the paper by Biot [9].

The purpose of this paper is to build an algorithm, based on the given
model of elastic wave propagation in the media having absorption, using the
given information on the structure along certain intervals of the borehole,
for a more detailed reconstruction of the medium structure in the vicinity
of the borehole.

In this paper, the solutions of the direct and the inverse problems are
presented, provided that the medium absorption function is known. The
numerical algorithms for solving the direct and inverse problems as well as
the results of experiments are given.

*Supported by the program “Integration” under Grant 247.
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2. Statement of the problem

Let the whole space R® be filled with an elastic isotropic medium having
the Lame parameters A, u, and the density p. We assume A, u, and p to be
twice continuously differentiable functions, and they take constant values in
the half-space z < 0. The wave propagation in such a medium is described
by the general system of dynamic elasticity theory equations

(A + p) graddivU + pAU + (grad A) divU + (grad u)E = pUy;.

Here U = (X,Y, Z) is the displacement vector, E = (U’ + U'T)/2 is the
deformation tensor. Further we assume the displacement vector U to be
parallel to the axes Oy, that is, X = Z = 0, in other words, U = (0,Y,0);
the medium filling the half-space z > 0 to be heterogeneous with respect to
the co-ordinate z; the functions A, u, p — to depend only on the co-ordinate
z. Under the assumptions made, the system of equations, which describes
the wave process in the medium, is reduced to:

A+p)(¥y), =0
(A +p)(Yy), + pAY +pu,Y, = pYy (1)
(A+p)(Yy), + XY, =0.
In the half-space z < 0, system (1) may be written down as follows:
(R0 + po)(¥y), =0
(Ao + po)(Yy), + BAY = poYy (2)
(Ao + po)(¥y), = 0.

A particular solution of system (2) is the wave

Y(z,y,2,t) =Y(z,2,t) = ¢(t _ ZCOSC!-{-:I:sma).

Yo

Further we assume that ¢ € D?(—00,00) and ¢(¢) = 0 for all ¢ < 0. Finally,
let us suppose that a plain wave falls from the half-space z < 0 onto the
half-space z > 0, forming an angle a between its front and the negative
half-axis z < 0:

zcosa + rsina
v !

Y(z,z,t) = qb(t -

thus generating the wave process in the half-space z > 0. Let us note, that
the falling wave does not depend on the coordinate y, thus ¥, = 0 when
2z < 0. So, as follows from the last equation of system (1), Y = Y (z, 2,1)
does not depend on the co-ordinate y and, consequently,
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F‘(Yzz + 1,,i:z) + p Y, = PYi‘t,

Y(z,2,t) = ¢(t— zcosa+msina),
Vo

z<0, t<0.

The wave process Y (z,z,t) may be written down as Y (z,z2,t) = u(z,71),
for the displacement along the axis Oz to be equivalent to the time lag
T=1t—zsinafvg:

psin? a
MUz, + pou; = | p— ) Urr.
K]
The equation proves to remain hyperbolic when the angle « is slightly
changed.
Passing over to a new variable, in order to study solvability of the prob-
lem, we represent it in a more convenient form

_ue)

m:/idf, where c?(¢) e

c(é)

0

Thus we obtain the problem

Uzz + [Ino(z)];uz = u,;r, where o(z) = V r(z)p(z), (3)
u(z,7) = ¢(r — ), 7 <0. (4)

Performing the corresponding transformations, we obtain the problem
Ugz + [In0(Z)|puz = ug, (5)
in the half-space having the boundary and the initial conditions
Uglyg = O(t); Ulyq =0. (6)

In connection with (5) and (6), the direct and the inverse problems are
usually considered. The direct problem is the problem of determining the
wave field u(z, ) by a source and by the characteristics of the medium A(z),
#(z), p(z) given. The inverse problem is the problem of determining the
medium characteristics A(z), u(z), p(z) (or some of their functionals) by
the initial data, a source and the given mode of vibrations of the boundary
points G(t) = u(0,t).

Further, we shall understand the inverse problem as a problem of deter-
mining the coefficient o(z) by the initial data, by a source and by the given
mode of vibrations of the boundary points.

The direct and inverse problems for (5), (6) have been already well stud-
ied [2-4]; the algorithms of their numerical solutions have been presented
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[2, 3, 5]. However, in practice, the precision of the medium structure de-
termination is not high enough, for the absorption, taking place in the real
medium, is not taken into consideration.

Attempts have been already made to increase the precision of the algo-
rithms for the inverse problems [6, 8]. For example, in paper [6], Balts’s
model of the wave propagation for non-elastic media is considered; in paper
(8], the authors use property of the low-frequency components of the wave

* field at the surface for reconstructing the high-frequency components of the
wave field, which undergo the absorption to greater extent.

In this paper, an attempt is made to take into account absorption of the
medium in the model of the elastic wave propagation. By analogy with Biot’s
model [9], let us simulate the absorption of the medium as coefficient of
«du/dt in the general system of dynamic elasticity theory equations. We also
assume that the absorption coefficient a(z) is a known continuous function.
We obtain the problem:

Uzz + [In 0(3’)]3"% = u + a(z)uy, (7)
ul,_o = G(t), Uz, —o = 0(2), Ul =0. (8)
Passing over to the new function
u(z, t) = 'v(:c t)
Vaz + B(z)v = vyt + o)y, ~[in/o@)]_, + In /o)) ],

Voo = G(t))  valosy = B(t) - §(m Wlpg =0,

we, finally, obtain the following problem

Vg + B(Z)'U = Uy + O!(:B)‘Ut, (9)
v|,—o = G(t), V| gg = 0(2), Ve = 0. (10)

Now we are able to formulate the inverse problem: let absorption of the
medium a(z) be a given and continuous function, o(0) and o'(0) be known.
Moreover, the mode of vibrations of boundary points is known. It is necessary
to determine o(z). Further, the conditions of solvability of the problem will
be formulated.

3. Direct problem

Let us take into account problem (9), (10). Continue the solution of this
problem evenly into the half-space z < 0. Let us note that the continued
function u(z,t) will be the solution of the Cauchy problem
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Uzg + B(T)u = uy + alz)u,
with the Cauchy data
utf,—o = —24(t); ul,_g = 0.

Supposing f(z,t) = —B(z)u(z,t) + a(z)0u/t to be known, we can write
the solution of this problem
8%y

u
= ae T f(z,t),

owing to the d'Lember formula

ue,t) = ~e(t=[ol) + 5 [[ Bete, ) dear — 3 [ [ alO)unter) o

A(zt) A(z,t)

Az, t) ={(&,7) |t—z+7<E<t+z -7}

It is easy to prove existence and uniqueness of the solution of the direct
problem. By analogy of the proof for the similar problem in [7], we can
easily obtain the estimation, which gives us the uniqueness of the solution
for the direct problem,

t i t
U(t) < t,B f U(r)dr + a f U(r)dr = C f U(r)dr
0 0 0

where

U(t) = max u(z,t), B = |B(z).

21—(31 —-t)SzSzg +(11—t) t—t; <z<t+t1

To show that the solution u(z, t) of the integral equation is really the solution
of our direct problem, we have to verify the continuity of every derivative of
u(z,t) up to the second order. The method of this proof is well described
in [7] and is applicable to our case.

Finally, let us note some properties of the solution:

u(w! !(L‘l) = t—)l?ﬁl-i-ﬁu(x’t) = ""1:

wole) = lm uet) = -3 [BE)d& - [alehue, 6 d.
" 0

|+o
0
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4. Inverse problem
Based on (9), (10), let us note that u = v, satisfies the equation
Uzz + B(T)u = uy + a(z)u, (11)
with the boundary and the initial data
Uyog =G'() =9(t),  uelo =),  uho=0 (12

Assuming B(z) to be known, let us write down the solution of the Cauchy
problem (11), (12) by means of the d’'Lember formula:

u(e,t) = (olt+2) + gt ~2)) - 5 [[ BEET) +al@urler dedr

A(z,t)
for all (z,t) such that t > 2 > 0, where
Az, t) ={(&1) |[t—z+E{<T<t+z— ¢}

u(z,t) = (olt+2) + glt —2)) -

> [[ Beute, mar ae +

Afez,t)

 [aoui stz -uet-z e (13)
0

w(z,t) = (g (t+2)+d(t—=2)) -

| =

[N

B(&)(u(,t+a—€) —ulft—z+E€))dE+

a(ﬁ)(‘ur(&t +z - 5) - u‘r('f:t -z+ E)) dé (14)

B | =

Sy T

us(z,t) = 3(d/(t+2) — g/t~ ) -

L [BO@E o -0 +ult -z e+
0

%!a(ﬁ)(ur(e,t+m - £) +UT(£:t -z +€))d6

Then we can derive
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S u(a,2) = g'(22) - b[ B(§)u(€, 22 — ) dE + Of a(€)ur (6,20 ~ €) dé, (1)

d
where Eu(z, z) is considered to be a limit from the domain t> z>0. In
addition,

z

lim u(e,t) = -3 [BE@& -5 [ahuie.)de.  (16)
0 0

t—z+0

From (15),(16) we come to

g'(20) - [(Beule, 22 — &) + alOurle, 22 - €)) &t
0

= —%B(m) —%a(z)u(z, z). ' (17)

Equations (13), (14), (17) form a close system of the integral equations
according to u(z,t), ui(z,t), B(z). Denote

1 = u(z,t), ¢2 = ut(m:t): ¢3 = B(z),

¢ = %(g(t-’rm) +g(t-z)), ¢3= %(9’(”2) +4'(t-2)), ¢3=—2¢'(2z).

Now the system of the integral equations (13), (14), (17) can be written
down as an operator ¢ = A¢, where ¢; = A;¢:

zit+z—€

Mo =8-5 [ [ os@riemarde+

0t—z+¢
z

%/a({)(qﬁl(ﬁ,tﬁ-m“f) - ¢1(Eit - +£))d£

0
Aap = 8- 3 [H@BEt+a—8) b6tz +e)d+
]

%fa(f)(@(f,t +z—€)— o€t~z +£))de
0

Asp = 98+2 [0a()0n(6,22 ~ € &€ - 2 [al€)alt, 20 — €) e -
0 0
a(2)p1 (2,2)
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One can easily prove that for X > 0 sufficiently small, the transformation
A is squeezing in the domain A(X*) = A(X*, X*), where

X* — rmin {\/ aZ 1 2[[goll — a /o + B[|go]] — @
2||ol| ’ 4| ol ’

2||¢oll 2 }
16][o|i2 + 5a + a2’ 16]|¢o|| + 5 + o2 §

The proof of this fact is performed according to the scheme of the similar
statement in [7). Due to the Banach theorem for squeezing transformation,
the equation ¢ = A¢ determines a unique continuous solution in the domain
A(X™).

It is not difficult to show the stability of solution (13), (14), (17), ac-
cording to the initial data. It directly follows from the estimations

U(e) < ub+ [(MizK ()i + MamoU(€) + oU(€))
0

Vi) < u?+ f (MK (€) + MaU(€) + aV (£)) dé,
0

K(2) < o+ [(@MK(E) +2MaU(E) + 20V (€)) dE +
0

T

[ G de+2ave)a,

0

where

U(ﬂ:) (E,T)ET( )lu(E: )l: V( ) (& )ET( )Iut(E:T)I!

K(z) = |B(z)|, and T(z)={({,7)|0<¢{<x, E<rT<t-¢E}

5. Joint problem

In practice, some information of the medium structure proves to be known
(for example, in the course of boring one can obtain the exact structure
of the medium along the borehole using the VSP method or analyzing
the strata). Besides, the input data of the inverse problem are measured
“roughly” enough (its precision is about 10-20%). But having the medium
structure down to some depth to be known, it is possible to reconstruct the
real wave field at the surface of the Earth up to a certain time moment.
In this connection, the following “non-classical” statement of the inverse
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problem, further called as the “joint dynamic seismic problem”, arises. The
meaning of such a definition will become clear later.

The joint statement of the problem: let the absorption a(z) of the
medium be a given continuous function, o(z) be known and continuous in-
side the interval [0, h]. Moreover, the mode of the boundary points’ vibrations
is known. It is necessary to determine a continuous function o(z) being the
coefficient of equation (7) inside the interval [0, H] (where h < H). “Joint”
means that in addition to the wave field known at the surface, we have in-
formation of the medium itself inside certain interval [0,A]. It is clear that
such an overdetermined statement of the classical inverse dynamic seismic
problem adds some stability to computations.

6. Numerical algorithm

Let us define a set of some special constructions [4] in the plane of indepen-
dent variables (z,t¢) and substitute the integrals by the quadratic formulas
in (13), (14), (17).

B2 p2 k=n=1 ki "
T ST I % s W
i=n+1 i=1l j=n+l
h k-1
3 3 aion(uf ™ — u) + O(A2),
- k 1 .
vp = —(Qk + gn - Z(B" n(un+k i n) + ai—n('”)’:—*-k_"'”?)) + O(h2):
l:ﬂ
k-1 k-1 i
By (29k —2h ) B}t +2h > a,-'uf"‘) — axul + O(h).
i=0 i=0

Let us take into account the system without residuals O(h) and O(h?). Such
a system is equivalent to the following system of algebraic equations:

~ h? h -
up ™+ uf oy = (uf U 1)(1 3 B"‘") 3 o-n(uf —ugT),

h? h
2uf"1 = (1 - ?Bo) (u’,::i + uf) + an{u::i + ug),

- h _ h
(vk +vpT]) + Eak—m(‘ufc1 - ) = R + "Bk n(uf +up”1), (18)

L1 1o (ke L
ok = 5(0ko1 — 0b) — 3Bo(uf T +ub) + sao(of + k),

k-n
Bk:_(z 2’123% +2hZa,'uk i)—akug.
=0
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System (18) allows us to find By when By and uf are known. In addition,
two first equations of system (18) give the solution of the direct problem
when B}, are given.

Consider the convergence of the numerical solution of system (18) to the
precise solution of system (13), (14), (17). Let a} := u(kh—nh, kh+nh)—u},
By := v(kh — nh,kh + nh) — o2, v := B(kh) — By, a; := o;.

h2 k-n-1 h2 k-n-1

oy = Z B; Z of '~ Y Z vi(u ¢+.1 l+J'-1)+

j=n+l

h k—1
= ) ai_n(aft*1 + af) + O(h?),

2
i=n
_h = k
B = =5 2 Bin(of™ ' +af) - Z% R )+
i=n
h g n+k—1 n 2
'2‘ a:——n(ﬁ + 3 ) + O(h*),
i=n
k—1 k-1
Y = +2h 3" Biaf™t + 2k Z vup "t - 20y @i
i=0 i=0 =0
2wy ZB Z ARR 1) +aky 27‘ Z(u‘ﬂ +u3+-"' 1) -
i=1  j=1

M i o
akaizzoa,;(ak — ;) + O(h).

Consider the system

-1 m—1

§m = hzZ(m_"' M2£1.+M17h +haZfs+01,
i=1 i=n
m-1 m—1
Gm = h Y (Mali + Myms) + ha Y (i + O,
i=1 i=n
m-1 m-1
Tm = 2k Y (Maéi + Min;) +2ah Y G +
i=1 i=1
m—1 m—1
ah® Y (m —i)(Maés + Mymi) + a®h Y & + Os.
i=] i=1

Let us note that | m+3| < &m, |ﬁ«fn+3| < Cmy [Ym| < m-
Denote ¥, = max{tm,{m,Mm}. It is easy to obtain the following esti-

mation:
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m—1
Ym < hC Z %i +o0, where o= max{0,0;,0;s}.

i=1

This inequality yields the convergence of the numerical solutions for the
direct and the inverse problems to the precise solution of system (13), (14),
(17), where the order of convergence equals O(h).

7. Numerical experiments

The results obtained in the previous sections allow us to build the algo-
rithm solving the direct and the inverse problems. The algorithm built by
recursive relations (18) shows sufficiently high precision of reconstructing
the medium for the test examples. The author's program (m Pascal) was
used for carrying out the test examples.

Figure 1 shows the profile of acoustic stiffness o(z): (1) is a real medium,
(2) is the medium reconstructed by taking absorption into consideration, and
(3) is the medium reconstructed by absorption not taking into consideration.
As earlier, z means the propagation time of the wave from the surface to the
current point. The scales of the values are real: seconds and kilometers. The
given examples visually illustrate the precision increase of the reconstruction
of the medium having absorption. The test examples were carried out for
the medium with the constant absorption averaged for the frequency 100 Hz.

Figure 2 shows the graph of the acoustic stiffness o(z): (1) is a real
medium, (2) is the medium reconstructed without complementary infor-
mation along the borehole taken into account, and (3) is the medium re-
constructed with complementary information along the borehole taken into
account. The scales of the values are real. The absorption of the medium
was chosen as the mean for the frequency 100 Hz. The depth of the borehole

o(x)
12

10 2y /\ jl’ \‘\Jff

8 /\v//\ VA

! M\/M/V/

4] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 =z

Figure 1
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a(z)

: Mz
4 -

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 z

Figure 2

was 0.6 s. The given example shows increasing the stability, hence increas-
ing the precision of the medium reconstruction for the algorithm making use
of the complementary information of the medium along the borehole. All
examples were performed with “white noise” (15%) being introduced to the
input data of the problem. The test examples demonstrate rather a high
accuracy and noise-stability of the algorithm.

8. Conclusion

Let us note that the proposed statement of the inverse problem (when in
addition to the wave field of the medium at the surface there is a comple-
mentary information of the real structure of the medium) has been never
considered before. The results of the test examples have demonstrated that
such an overdetermined statement of the problem increases the precision of
the medium reconstruction.
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