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On unlform convergence of Scharfetter S
scheme -

G.Ya. Kouklina

The transfer of charge carries in a semiconductor device for stationary co:fdition_s is
described by elliptic differential equations with oscilating coefficients. The uniform con-
vergence of one- dlmensmnal Scharfetter’s scheme on the whole interval is shown in this
paper.
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1. Introduction

One-dimensional equation of the type

1 exp (~0(z) o exp (p())p(e) = f(2), 0z < Lo

2(0) = p°, p(1) = pY, £, ¢ € C¥([0,1]) is considered in this paper. It de-
scribes the transfer of charge carries (holes, for example) in a semiconductor
device for stationary conditions. Th1s equation is a part of the fundamental
system of equations describing processes in semiconductor devices 1,2}
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Here we make use of the following notation:

: 1
A= o No = 0?:2(1 N(z),

l, Bn, Bps Tny Tpy 71, P1 — positive constants; ¢ — electrostatical potential; p,
n — densities of hole and electron concentrations; J,, J, — densities of hole
and electron flows respectively; N(z) — density of admixture concentration
in a semiconductor having large gradients in some inner layer with the cen-
ter at the point zo € (0,1) and width proportional to the small parameter
A of system (2). Following [1], we assume that the function N(z) outside
the inner layer possesses a limited derivative of necessary order, but in the
inner layer it satisfies the inequality

N(Z) < crexp ( - c2|§

), T=2z-—=1z9, |E <ecoA,

where ¢, ¢;, ¢; are positive constants. Let ¢, co, d;, ¢;, ki, &, fi, o, Vi, ki,
¢ 2 0 be the mean different positive constants, independent of A\. Then it
is stated that for the potential the following inequalities are executed:

2 <o vem, = (- U+ S}
(3

z

I%I < Dl,\'iexp ( - Dg,/\

I)’ z =z — 7o, iSEa
i<2,

where ¢ is the width of the inner layer for the potential ¢(z), proportional

to the quantity A|ln A| (later on we take ¢ = 2- A|1n A|).

To get a finite difference approximation for equation (1) we use the
integral identity according to G.I. Marchuk:
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where {2;}, i =0, N, is a differential net, zo = 0, zy = 1,
(i + Zit1) (hi—1 + hi)
hi = zip1 — 20, 21 = —2'-—-—, h; = 5
fig = mm{h}, h= ma,x{h}
=0,N 1=0,N

and the uniform norm
llglleo = ma-X{Iy.I}

‘-l

are introduced in the space of net functions

9={9tism 9 =9())iow-

Applying to double integrals in numerator quadrature formulas of the
rectangular and calculating integrals in the denominator assuming piece-
wise-linearity of the function ¢(xz), we get finite ifference Scharfetters
scheme [3]:

(Lup)i = 1 [Piv1exp (@i41) —Piexp (i) Pit1 — @i
1

kil exp(piv1) — exp (i) hi
_ piexp (@) — pim1exp (in1) | @i = @i-1] _ f (5)
exp (¢;) — exp (pi-1) hi1 Y
i=1,N—1.

Schemes similar to this one, the so-called schemes of exponential fit-
ting, are suggested in literature [4,5] for elliptic and parabolic differential
equations at a small parameter with higher derivative.

In our case (1) is the equation with oscillating coefficients %;"—;, %‘f:

dzp dp dy d%p
dz? t @ dz dr tp dz? ~ f(2),

where the function ¢(z) satisfies conditions (3).
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We define the error of a difference solution as vector z with components
zi = ((P)i — Pi);=g7» Where p is the solution of differential equation (1),
(P)i = p(2i);_5%> and {pi},_5 is the solution of difference system (5).
P.A. Markowich and others have analyzed discrete Scharfetter’s scheme for
equation (1) in case f(z) = 0. It was shown [1] that for the case h > ¢

llzllo < e(h+ €).

In this paper uniform convergence of Scharfetter’s scheme is shown not
only outside the inner layer, but on the whole interval [0,1] for the case of
sufficiently smooth right side of equation (1).

2. Construction of exact solution

For simplicity we consider, that there is the only inner layer in the interior
of domain [0,1], otherwise we distinquish some domains each possessing the
only inner layer. So, the proofs are similar for the final number of inner
layers. We consider that

dip(z) | d'f(z)
enl dzt b 0<:n<1 Tdzt

0= {_?1_1 ().

<k <2,

Let the introduced net be quasi-uniform, i.e., ﬁh_o < p for h — 0. One-
dimensional differential equation (1) has the following solution:

pe) =1 exp (— 9(a) +¢°) +exp(-(o)) [ " exp (0(1) J(1)dt,

J(t) = ] ' F€)de + o, (6)

Jo = exp (¢!)p* — exp (¢°)p° - [, exp (¢(z)) [ f(t)dtdz
& exp (p(2))ds

In particular, the solution of homogeneous equation (1) appears as follows:

p(z) = p°exp(—¢(z) + ¢°) + Joexp —¢(z) /0 exp (p(2))dt,

Jo = = (2)p — exp (¢%)p"
Jo exp (¢(z))dz







