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Two-dimensional inverse problem
for wave equation, the uniqueness
in regularizating statement

L.N. Pestov

Inverse problem for wave equation with instant, lagging source on segment of
boundary y = 0 is considered. The problem of determination of sound velocity,
smooth depending of both spacing coordinates by response of medium on the same
segment, is posed. In regularizating statement the uniqueness of problem is proved
with assumption of eikonal regularity. Regularization consists in addition to wave
operator the operator of higher degree with small parameter.

Let u(z, y,t) be the solution to the initial boundary problem for the wave
equation
Au — Ut = 0, (1)

“y|y=0 = —Ypd(t — 70(z)), uli<s, = 0. (2)

Here A = c*(z, y)(8%/82%+8?/dy?) - the Laplace-Beltrami operator, gener-
ated by the metric tensor g;; = &;;/c?; ¢(z, y) is the smooth positive function
(sound velocity) (for simlicity sake smoothness is concidered to be the dif-
ferentiability of class C'®); é(-) - the Dirac function; ¥r - the characteristic
function of segment I' = {(z,y) : y = 0,|z| < e} and function 7g is defined
by the equality

To(z) = T(2? - a?), |z|<a, T>0.

Let ¢g = c|r be known function. Choose numbers a, T so that function
n&(z) — 4T%z? is positive for all z,|z| < a, n = 1/c, ng = n|r, and denote

A(z) = \/nd(z) — 7(z). Consider the eikonal 7(z,y):
VP =2 +7) =1, 7lr=r.

It describes the front of falling wave in the case of retarded source (2).
We consider the values 7 only up to 7 = 0. Emit the geodesic y(z',7),
7o(2') £ 7 <0 from each point 2/, |2'| < a in the direction

£(2") = §(2") (ro(z"), A(z")).

Let D' = {(z/,7) : |2'| < a, 70 < ¥ < 0}. Obviously, the mapping
v : (2’',7) = v(2’,7) transforms D’ to the domain D, bounded by front
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7 = 0 and segment I', D = {(z,y) : |z| < a,70(z) < 7(z,y) < 0}. (Note,
the edges of I" belong to the front 7 = 0.) Assume that + is diffeomorphism
D' on D (calculating the Jacobian of that mapping on IV = {(2,7) : |2] <
a, 7 = 79(z’)}, it may be shown that in the small it is always true). Besides
that, the function 7(z,y) will be smooth in the domain D. Henceforth we
will use the coordinates (z',7) and all functions of the kind f oy will be
marked by prime.

Consider the problem of the velocity determination in the domain D by
the function

Up = u'IGop Go = {(:"_st) : Izl <a, 70(1") <t< —To(:'v)}.

In the similar statement the uniqueness and the local solvability was proved
in [1] in the case of the analyticity of ¢ for definite direction.

As in [1], inverse problem providing regularity of the function 7(z, y) after
selecting of the singularity reduced to the Cauchy problem with respect to
the wave function u(z,y,t) and the eikonal

Au—uy =0 in G, 3)
|Vr* =1, (4)
2(VrVa) + aAr =0, i(z,y) = u(z,y,7(z,y)), (5)
ulg, = uo, Uylg, =0, (6)
Tir =710, Tlr=2A, ()

where G = {(z,y,t) : (z,y) € D, 7(z,y) < t < —7(z,y)}. Moreover, the
coordination condition is assumed

Mg =1, o= ilr. (8)

The method of singularity separation in similar problems is well-known
[1, 2] and we do not dwell upon it’s basis. Note that, formally, equations (3),
(4), (5) initial data (6), (7) and coordination condition are easily obtained
by the substitution of the function u(z,y,t) to (t — r(z, y))u(z, y,t) in (1),
(2), where 6(-) is the Heaviside function.

Since we consider the regularizating wave equation, we need additional
derivatives of wave function on Go. Assume, that equation (3) and the
equation following from it by derivation on y hold up to I'. Then obviously,
values of derivatives uy, and uyy, on I' are calculated. Actually, uy,|r is
calculated from (3) directly, further, by virtue of (6), (7) we have

Uy(z,0) — A(z)uo(z, T0(2)) = 0,

and then the values 1, |r are found from (5). Differentiating eikonal equation
with respect to y, find ¢,|r and lastly, differentiating wave equation calculate

Uyyy|r-
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The main result of this paper is the uniqueness theorem for inverse prob-
lem in regularizating statement, when differential operator of higher degree
with small parameter aA? is added to wave equation. Define A by the
equality

1./8
A= u_z‘s(u_z) §=V-Vr(Vr,V),
where scalar product and divergence operator § are acting with respect to
the metric tensor g;;. Note, since by definition, St = 0, and (V7,5) = 0, .
then the operator A does not conclude derivatives with respect to the normal
of the front.
Consider regularizing statement of the inverse problem

Au—uy+aA?=0 in G, (9)
V73 =1, (10)
2(Va, Vr) + AT = 0, 11)
ulg, = 0, Uylg, =0, Uyle, = uoz, Uyyyle, = Uos, (12)
Tle=10, Tir=A (13)

Theorem. Let v be diffeomorphism D’ on D. Then problem (9)-(13) has
not more than one smooth solution for any positive a.

Proof. Proceed to the coordinates (z’,7) and consider the vector field
X = 0v(«',7)/8z'. Show that it is orthogonal to the geodesic y(z’,7),
i.e,, (X,77) = 0, where (X,Y) = n?(y)(X'Y! + X?Y?). Actually, by direct
calculations it is easy to verify that X is the Jacobian field, i.e.,

v? ] i ]
Eﬁxt + Rjkl(7)7“;TrX1 = 0:

where v
7 X" = X3+ Ti(y)vixk,

R}, and T are the tensors of the Riemann curvature and coefficients of
connectedness of the tensor g;;. Moreover, it is easy to verify that for r =
To(%)

(X,E) = _Va_f’£> =0.

Hence it follows [3] that everywhere (X,v,) = 0. In the coordinates (z’, T)

the metric ¢(z, y)+/(dz)? + (dy)? transforms to
VX, X)2(dz)? + (dr)?

with the covariant metric tensor
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(9) = ( (X{,]X) (1) ) ,

and the contravariant

= (10 0.

Equations (9), (11) transform to
gs 9o
—--2—;;11.‘.', + 2—;'1-,11.;,.,
(z',7,t) €G' = {z',7t): (@', 7)e D\ T <t < -7},
2@ + (In V¢'),' =0,

1
! il ! 2.0
Upr — Upy + Eux.x. + oAy =

where g’ = (X, X) is the Jacobian of the mapping 7. Herefrom and from
(8) it follows that the functions @' connect with g’ by the equality

1
9= g (14)
We show that
Av' = A(Aul)pr. (15)

" Really, since the operators S and A are invariantly defined, then
51 = 3/61", Sg = 0,

gslul) . + (E‘Sﬂur) 1_) ’

1
- ——
Au' = a2 /gf(( i u'?

where
gl =g'1181 + g2, S? = ¢, +g'2252.

By virtue of (14) hence it follows (15).

Replacing ¢’ by @', we obtain the one non-linear, non-local equation
with respect to the function u’. Let there exist two smooth solutions uj,
u}, corresponding to the same initial data, and the functions @}, @y are
positive in the closed domain D’ (otherwise, as it follws from (14), the
corresponding Jacobians g{, g5 would have the singularities). Then for its
difference w = u} — u}, the inequality holds

|Pw|? < C(@% + @2 + 02 + wl +w?), (2,7,t) € G, (16)

where
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1 _
Pv=w,. + (Ew”')mn = Wy + a'Azw: g' = gi! w(mls T) = w(:c', T

and C is the constant, depending on C'-norm of the functions uf, u}, %,
3. Introduce the function

v(z!, 7, t) = w(z', 7, t)e”",

and consider the inequality, following from (16)

4su, ((v,.,. - vy + (3170'2‘)3' + aA?v + s%‘))
= 4sv,(e™*" P(e""v) — 25v,) < e~ 2*7(P(e’v))?
< C(B2% + 202 + (252 + 1)8% + 02 + v2 + 202 + 25%%).  (17)
With the help of the obvious identity )
2
A
the left-hand side of (17) after dividing on A easily transforms to

v:A%v = 2(Av (Av)r — AvgrrAv), + %((Av)2)7, (18)

lra, .2 12 2,2 2 1
23X ('v., + vy — Ev,_,,, + 5°v° + a(Av) )1- - 43(Xv,vt)t +

43(%1 + CEA(UT(AU)r'_vx'TAU))r,'I' %‘3(%)703:— %iv”'vf(é)z" (19)

Denote by Cy > 0 the strict constant of the equation

|G Je+ |5

€+
Then from (17), (18) we obtain

(€ +7n°) < Cu(E + ).

Ag’

Cis+C
A

Here the divergence terms in (19) are denoted by divV. Multiplying the
latter inequality on exp(—C,7) , Cy = C + C, we obtain

divV <2 (vZ +v?) + %(ﬁi, + 202 + (25 + 1)9% + 25%0?).

t
-----e”c’"(szv2 + 2a(Av)? - 2——1 -;-'g vg.) +
Cos® _cyr 20\ 2 C _cprpa | o2 2, 1ya2
-5 2 (s-— a;)v <5 (07 + 207 + (25* + 1)8%). (20)
It is easy to see that the second term in the left-hand side for sufficiently
large s within divergence term is nonnegative. Actually
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' 1
% (s*vi4+2a(Av)?) = X (sv+v2aAv)? —25v20(Avvy) 4250 2a0%,  (21)
and consequently if
1+¢
> — 2— )
A g c*(D)

then from (20) follows the inequahty

e g 1, g, 2 ~Cpr (1
23( X (v,-l—v, ~7 2+ 8°v° + a(Av) ))T—4se 2 (Xv’v’)t+

430-6'27(”‘:\”1: + aA(vr(Av)zr — VprrAv) — 2C2s*V2 /\UU“) T
2
Oy oo s o,

Integrate the obtained inequality on the domain G’. By virtue of the zero
initial data, in the left-hand side after integrating of the divergence terms
there remain only integrals by characteristics t = r,t = —1

—CaT
s / (- %aﬁ. + % + o(AD)?)do'dr +

Dl
e, 1, a2 22\ 7.7
sj 3 (UT*EU_,;:-FSIJ + a(AD) )dmdr+
DI
o—Ca7
3202 (S - g) /\ 2d:r’d,"r

G

~Car
< —chre 3 (82, + 282 + (252 + 1)5°%)dz'dr,

where ¥(z’,7) = v(2/, 7 — 7). Taking advantage of (21), as below, it is easy
to see that for sufficiently large s hence it follows ¥ = ¥ = v = (. Thus, the
function @'(z’,7), and consequently ¢’(z’,7), (z',7) € D’ are determinated
unequaly.

Let us find the equations for the geodesic. In order to do it, note that the
coordinate functions z and y satisfy the equations Az = Ay = 0. But be-
cause of invariance of the Laplace-Beltrami operator the functlons ¥ (', 1),
t = 1, 2 satisfy the equatlons

and the uniqueness of the geodesic follows from the well-known results on
uniqueness of the solution of the Cauchy problem for the elliptic equation

=0, (2/,7)eD.
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(see, for example [4]). The geodesic is fined, the domain D = 7D, the “wave
function” u,u’ = u o+ and the velocity

coy = /(1) + (v2)?

are determined. o
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