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Numerical solution to first boundary-value
problem for axially symmetric Poisson equations
using finite element method

V.0O. Pirogov, M.V. Urev

Abstract. Unlike common approaches this paper does not rely on results for 3D
problems. Degeneration of the operator on a part of the border requires the use
of the corresponding weight functional spaces to analyze a variational statement to
build a difference scheme and to prove the convergence. A result of convergence
is proven using piecewise linear finite elements. The estimate of the convergence
rate of the approximate solution to the exact one is not worse than in the case of
non-degenerate equation. A numerical example that confirms the estimate is given.

1. Introduction

This paper deals with the first boundary value problem for the following
degenerating elliptic equation:

0%u 13<8u

Aw) =55~ a0 (v, ) = @), M

in the domain D, which lies in the top half-plane y > 0. The boundary I
of the domain D consists of a section I'g = [a,b] of the axis y = 0 and a
smooth curve I'y with its ends at the points a and b. To exclude possible
singularities in a junction of I'y and I'y and to simplify a numerical analysis,
we would assume that there exists d > 0 such that a subregion D N (y < d)
is a rectangle.

Equation (1) is a common axially symmetric Poisson equation in the
cylindrical coordinates. Various approaches to solution of this problem were
considered in a numerous publications [1-3].

The main feature of the problem in question is its degeneration on part
of the border I'g. This factor must be taken into account while formulating
a variational statement, building a variation-difference scheme using a finite
element method and when analyzing convergence. To analyze degenerating
elliptical equations it is convenient to use appropriate weighted Sobolev’s
spaces [4].

First, let us rewrite equation (1) in the divergent form to apply a varia-
tional method
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—;;(yg;j) - gy(ygz> = yf(x,y). (2)

The equation (2) is elliptic in the domain Ds = D N (y > 4), 6 > 0,
and it degenerates on the axis y = 0. Note that depending on exponential
order of degeneration, the boundary values may be required either on the
whole border I' or on I'y only, while I'y would be free of the boundary
conditions. The case considered has the so-called “strong degeneration”
and homogenous boundary conditions are required on I'y, only.

To state and to analyze the first boundary value problem for equation
(2), we use weighted spaces H, (D), I:If, (D) and their subspaces.

Let H;(D) denote the space of measurable in D functions having all the
distributional derivatives of the first order in D for which the following value
is finite:

1/2
lull 0y = </Dy(u§+uz)dD+/Dyu2dD> )

The former value is a norm in H, (D). Similarly, the space ﬁ; (D) is defined
by finiteness of the value

B 1/2
Il = ([ a2, + ) an+ [ 47 ap + iy )

We will use || - || to denote the norm in Lo (D).
Next, C§°(D) denotes a class of finite infinitely differentiable functions

in D, (cj“lofi (D) denotes a linear manifold of infinitely differentiable functions
in D, which vanish in a strip adjacent to the boundary I'y (a strip is unique
for each function), and all the functions whose derivatives (including the
function itself) can be continuously extended in D. Finally, E(D) denotes

o J—
linear space of functions in CF° (D) such that u, = 0 on T.
(o]
Now we are ready to define the working spaces. Let H ;(D) be the closure

of the lineal C§°(D) in the norm of Hg} (D) and ﬁ;(D) be the closure of the
linear space E(D) in the norm of ﬁyz(D)

Lemma 1. The function from Hyl(D) belongs to the space Io{;(D) if and
only if its trace on the border I'y of the domain D is zero.

Proof. For any small § > 0, a space ;I;(D(;) of restricted to Ds = D N
(y > 0) functions from ]O{ ;(D) is equivalent to the common Sobolev space

i llﬂh 5(Ds) which is defined as the closure of the lineal Co’l‘iﬁ 5(Ds) in the norm

H'(Ds). The elements of the former space have zero trace on I' 5 [5, p. 152].
This follows from the equality u|r, ; = 0, where I'1 s = 'y N (y > 9).
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On the line of degeneration I'g, a function H ;(D) can have any finite

value. Also it is possible that functions from H ,(D) tend to infinity while
y — 0 (see [6]). O

Lemma 2. Letu € fIZ(D) Then “y‘ro € Ly(Ty) and uy|F0 =0.
The proof of this lemma can be found in [7,8].

Lemma 3. The following inequality holds for uw € C§°(D)

[ salwiayan < c) [ yaab, ®)
D D
where
v a#1/2,
Galy) =9 4o
y | Iny| , a=1/2, >0,

Cla) = {4/(2a —1)?%, a#1/2,

C >0, a=1/2.

The proof of this lemma can be found in [9, p. 513-568].
Lemma 4. Any function u € ]?{;(D) has zero trace on I'y.

Proof. For any small § > 0, the space fOI;(D(;) of functions from IO{;(D)
restricted to Dg = DN (y > J) is equivalent to the Sobolev space ]?{%1’5(D5)

which is defined as closure of the lineal 8’1201 5(Ds) in the manifold norm

H'(Ds) whose elements have zero trace on I'y 5, see [5, p. 148]. This leads
to the equality u\pm =0 where 'y s =T'1 N (y > 0). O

2. Variational statement

We define the weak solution to the first boundary-value problem for equation

(1) in the domain D as a function u € i (D), for which the following integral
equality holds:

Yo e HY(D) ai(u,v) = 1i(v), (4)

where

al(u,v)—/ yVu-VvdD, ll('U)_/ yfvdD, f€ Lyy(D),
D D

ow 8w).

Lyy(D)={f: y"?*fe (D)}, Vw= (37’%
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Theorem 1. Let f € Ly, (D). Then the solution of the variational problem
(4) exists, is unique, and the following estimate holds:

lull g oy < Cllf L., ) (5)

Proof. To prove the theorem, let us check the conditions of the Lax—

Milgram lemma on elements of the dense set C§°(D) in the space H ;(D)

First we check H;(D)—coercivity of the bilinear form a;(-,-). By using
inequality (3) with a = 1, which is analogous to the Friedrichs inequality,
we obtain

ar(u,u) = /Dy\Vu|2dD >Ch [/Dy\Vu|2dD+/Dy2\Vu|2dD]

> 0| [vutan+ [ iap] = calulty, (6)
D D

Therefore, the bilinear form a; (u,v) is o y(D)-coercive.

Continuity of the bilinear form a;(u,v) in the norm of the space H, (D)
on C°(D) x C§°(D) and the linear form [;(v) on C§°(D) are obtained from
the Cauchy—Bunyakovskii inequality:

1/2 1/2
< </ y|Vu|2dD> (/ y|Vv2dD>
D D

lull 2oy [Vl () (7)

lay (u,v)| = /qu~VvdD
D

IN

L(v)] = /D yfvdD‘ < g2 lly"2oll < CallolL iy . (8)

Finally, all the conditions of the Lax—Milgram lemma are checked on ele-

ments of the dense set C§°(D) in H ; (D). The correctness of these conditions

(¢}
on the elements of H ;(D) is determined by a common closure procedure in
inequalities (6)—(8). O

We define the strong solution to the first boundary value problem in the
[e]

domain D for equation (1) as a function u € H (D), for which the following
equality holds:

Vv € }813(1)) az(u,v) = la(v), (9)

where

s, v) = /D YA A(v)dD, Iy(v) = /D YA(v) fAD, f € Ly (D).
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Theorem 2. Let f € Ly, (D). Then the solution uy of variational problem
(9) exists, is unique, and the following estimate holds:

ol 3y < C 1l 0 (10)
Proof. We again check the conditions of the Lax—Milgram lemma for prob-

lem (9) on elements of the space E(D) dense in ﬁ[;(D)

The H 5 (D)-coercivity of the bilinear form ag(u,v) is proved by the in-
equality

Yu € f];(D) as(u,u) > VHUH?%(D)v v > 0. (11)

Let u € E(D). Then
as(u,u) = / 24D = / yuy )2 + 2y_1(yuy)yum + u?m] dD

:/Dy(y_l(yuy)y)QdD+2/D(yuy)yumdD+/DyuimdD. (12)

We transform the first term in (12) using integration by parts and the
fact that all the derivatives of u on I'1 are equal to zero and wu, vanishes
on F():

[ ot w2 dD = [ gl + 20wy + (7 ) aD
:/ yu2 dD+/[( Xy +y tuz]dD
D vy Yy
= / yuz, dD + / y~(yul)y dD
D D

:/ yuzydD—i—/ y_lude.
D D

By integrating the second term in (12) twice by parts, at first with respect
to y and then with respect to x, we arrive at

2/ (Yty ) yUzz dD = _2/ YUy Uy D = 2/ yuiy aDb.
D D D

Finally, we obtain
_ 2 2 2 —1,2
as(u,u) = /D Y(ugy + 2uzy, + uy,) dD + /D Y uy dD. (13)

This formula shows that the value y/as(u,u) is equal to the seminorm of
[¢]

the function u in the space flg(D)
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Let us prove that in the space H z(D) the seminorm defined in (13) is
equivalent to the norm. It is easy to notice that inequality (3) holds for the
functions v € E(D) in the case 2a — 1 > 0. Applying it with 2o = 3 to
u € E(D) we obtain

/ y_luz dD > C’l/ ygui dD > CQ/ yu® dD, (14)
D D D
/ yiluz dD > C’g/ yuz dD. (15)
D D
To finish the proof of coercivity inequality (11), we need to prove that

1
/ yu2 dD < (/ yu2, dD —I—/ yu? dD). (16)
D 2\Jp D
Indeed,

/ YUz, dD = —/ YUzeudD = —/ (yl/Qum)(yl/Qu) dD
D D D

(/D yu2, dD) i (/D yu? dD) i
< ;(/DyuidenL/DyUQdD).

Using inequalities (14)—(16) to attain the lower estimate for seminorm de-
fined in (13), we obtain (11) for each u € E(D).

Continuity of the bilinear form as(-,-) and of the linear functional la(-)
follows from equality (13) and the Cauchy—Bunyakovskii inequality:

IN

Jaz(u, )| < las (u, ) [ az (v, )2 < Jlull g ) 0] 3 (17)
1/2 1/2
) =| [ wrawap| < ([ wrap)”( /D y(A(v))*dD)
< Ml g2(p): (18)

where u,v € E(D).

[e)

Passing to the limit proves inequality (10) for any u € H Z(D), inequality

(18) for any v € f[%(D), and inequality (17) for any u,v € IEIE(D) O
3. Approximation with linear functions

Let for the domain D, the grid domains Dp* (D C DjX) and Dir (Din
D) with sets of nodes Ry* and R} be built [10], Dj* is a minimal set of
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triangulation elements containing D with its boundary and D}Ln is a maximal
set of triangulation elements containing D without its boundary. We assume
that in the grid domains D7* and D}Ln, the triangles are regular adjacent to
[p. In the case of an irregular grid, we assume that the grid domains Dp*
and D} satisfy additional regularity conditions (e.g. see [10, p. 69]).

Note that any function u € Hg (D) can be considered continuous on D.
Indeed, a function u € H;(D), considered for any € > 0 in the subdomain
D. =D\ (y < ¢) is an element of Sobolev’s space H?(D,), whose elements
are continuous in D, according to Sobolev’s embedding theorem. This and
Lemma 2 bring about continuity of the function u in D and the fact that
u =0 on I'g.

[¢]
For a function u € H Z(D), we define a piecewise-linear function u

(19)

a(x y) _ E(zi,yi)eéi" u(xiv yi)(pi(way)v Yy > h:
’ Z(a:i,yj)ef%‘;x U(:CZ', yj)%’(xa y)v y < h,

where the function ¢;(z,y) is linear in each triangulation element and equal
to 1 in the node (z;,y;) and to 0 in all other nodes. The function @(z,y) is
o

continuous and belongs to H 5 (D5X).
Assume that for the domain D considered, it is possible to continue any
[¢]

function from the weight spaces o é(D) and H z(DEX) saving its norm and
class of smoothness on the whole half-plane R% = {(z,y) : y > 0}.

o]
Theorem 3. Let u € I:Iz(DZX) be continued on R% with its norm and
smoothness class saved. Let also the grid domain Dy* be regular. Then the
following inequalities hold:

lu =1z, ,(pg) < Ch2|!qu§(D), (20)
I — il sy gy < Chllull sy (21)
The proof of this theorem is analogous to the appropriate proof in [10]

except in this case the result should be first proven for the dense set E(D)
and then completed with passing to the limit.

4. A numerical example

As a numerical example, we present the results of numerical solution of
the first boundary value problem for equation (1) in a unit square D =

(0,1) x (0,1). In this case I'o = {(z,0), = € [0,1]} and I'y =T\ Ty.
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Let the domain D be partitioned into squares with vertices
{(zi,yj) + z; =ih, yj = jh, i,j €0,N +1}.

We prepare triangulation by splitting the mesh cells into triangles along
the lines parallel to = y. Next, we define finite elements ¢; ;, ¢ € 1, N,
j € 2,N, as functions linear in each of the triangulation elements, whose
values are equal to 1/h at the node (x;,y;) and to zero at all other nodes.
Elements adjacent to the axis y = 0, i.e., ¢; 1,7 € 1, N we define as linear
functions, whose values are equal to 1/h in (z;,y1), (zi,y0) and to zero in
all other nodes.
To find the approximate solution

N N
=33 hui iz, y), (22)

j=1i=1
we need to calculate the coefficients u; ; from the system of linear equations
ar(up, ¢ry) = li(dry), k,l€1,N. (23)
The matrix of the linear system is the following;:
Au = f, (24)
where @ = (uij), A = (aijr) = (a1(dij, de))s [ = (fur) = (L(dra)),

ikl eT,N.
Finally, we have the following finite difference scheme for problem (23):

3 3 3
CYi 295 Y

(wit1,j — 2uij — ti15) —

6h*
2 2 2 2
Yit1 — Y5 Yi — Y1 .
o (Wiget — wig) = =g (i — wig-1) = fig, J> 1
3 3 3
Yie1 — 25 +yi
_Jit 6hi J (ui-i-l,j — 2’LLZ7‘7 — ui—l,j) _
2 2
Yiri — Y _
%(“idﬂ —uij) = fij, Jj=1

Note that the matrix of linear system (24) is symmetric and has 5-diago-
nal structure. In addition, it belongs to the class of the so-called M-matrices
(see [11, p. 41]).

As a test problem, we have solved the first boundary-value problem for
equation (1) with
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fla,y) = —(4 —16y)2*(1 — 2®) — y?(1 — ) (2 — 1227).

The exact solution in this case is u(z,y) = z2(1 — 22)y?(1 — y?).

Linear system (24) was solved using the conjugate gradients method
with a preconditioner. The preconditioner is based on an incomplete block
factorization method with a row sum compensation [11, p. 162]. The stop
criterion for iterations was the reduction of the residual by 10 orders in
magnitude. To check the convergence rate, the problem was solved on a
sequence of nested grids. The first grid had N = 10 and the parameter N
doubled each following one.

The table below shows the values on = [|u—uanll 1, ,(py/llw—unll L, , (D)
where uy, is solution of the problem on a grid with the step h = 1/N and u
is the exact solution.

N 20 40 80 160 320 640 1280
oy 3.78 388 391 394 394 396 3.96

The results are in correspondence with theoretical estimate (20) and demon-
strate the second order of convergence in the norm of the space Lo, (D).
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