Letter to Editorial Board
on the book of A.Yu. Bezhaev and V.A. Vasilenko
“Variational Spline Theory”

I have found in [1] some omissions:
1. Formula
§ = A*(AA*) A (1.47)

(see Section 1.4.2) for the representation of the interpolating spline operator
S is valid not only on the subspace N(T)E, but on the whole space X too.
This follows from the equivalence of the spline interpolation problem

o= mi Tz
arg_min Tz

and the problem

o=arg mi |Tz||? + || Az]|?,

N
€A (Ap,)

where A : X — Z is any bounded operator satisfying the conditions:
N(A) D N(A), and (T, A) is a spline-pair (cf. [2]).

Hence, in the formulation of Theorem 4.1 (Section 4.1.2), we may re-
place the subspace N(T)+ by X.

2. The formulation of Theorem 4.1 is incorrect. The weak convergence
of the subspaces E; must be replaced by the strong one.
In fact, in the proof of this theorem the property

Vz,y € N(T): (Brz,y)e — (2,9)s, T —0 (4.31)

is used (here B, is the ortoprojector onto the subspace E, in the norm
[||l+). However, this property is nothing but the strong convergence of the
subspaces E,. Indeed, the ortoprojector B, satisfies the condition

(B;x —z,B;z). = 0.
So, substracting this identity from (4.31) and substituting y = z we have
(Brz —z,B;z —z). — 0.

3. Formula
So = A*(al + AA*) 14 (1.52)
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(see Section 1.4.3) for the representation of the smoothing spline operator
Se is valid only in the case of natural spline smoothing, when the operator
T has the null kernel and the norm || - ||, is defined by ||z|. = ||Tz|)y.

In general case representation (1.52) is incorrect, because replacing the
spline smoothing problem on the space X by smoothing on the subspace
N(T); we obtain the different problem, which solution is not a solution to
the original problem. It is easy to construct an example in 3-dimensional
space X which shows this fact.

4. In the formulation of Theorem 4.3 the weak convergence of the
subspaces Ej to X under constraint Ex C Ejx4; should be replaced by the
strong one, because it can be easily shown that, if Ex C Ejy,, k € N, then

o0
E,LS5X <« Er - X <= UE" is dense in X.
k=1
More precise results for the convergence of splines on the subspaces are
given in [3].
5. In the proof of the lemma in Section 4.1.3 the final estimate for the
norm of spline a:,‘(h) may be improved upon the following:

lofmlls < (1= C V2]l

This follows from the estimate ||M :(h)”* < (1=C%71 (cf. [3]) and the

identity ""f{h)ug = (Mf(h)‘Pn‘P*)*-
Similarly, we can obtain for splines in the thin layer (see Section 6.3.1)
the estimate

C2(Q)
L < 2208
”Uh”x(l") — C](Q) X ”‘P*”::(l")
instead of (6.39).
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