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Mixed spline approximation*

A.l. Rozhenko

The given paper studies the mixed spline approximation problem

Al&a =z,

cvrlch:"ru,ll2 + ||A26a — 22|* — min.
Here the operator A; gives the interpolation conditions, smoothing is carried out using
the operator Az, and T is the energy operator. The necessary and sufficient conditions

of the unique solvability for this problem are obtained. Incorrectness of D™-spline ap-
proximation in W3"(R") is proved.

1. Introduction

The mixed spline approximation problem combines the peculiarities of the
problems of spline interpolation and smoothing that were studied by many
mathematicians beginning from the works of Atteia [1, 2]. The monograph
of Loran [3] should be mentioned specially. It gives the conditions of ex-
istence and uniqueness of the interpolating and smoothing splines in the
general form.

The mixed formulation was first proposed in [4], although in practice
the mixed problems were considered much earlier (however, without the
use of the variational formulation). The main purpose of the given paper
is to obtain precise conditions of unique solvability of the mixed problem.
In particular, it is shown that if the kernel of the operator T is finite-
dimensional, then the closeness of the image of the operator A for the
unique solvability of the problems of spline approximation is not required
(Theorem 5.4). At the same time, the closeness of the image of the oper-
ator T is necessary for the unique solvability on the class of operators A
(Theorem 7.1).

The method used by the author to obtain the conditions of unique
solvability of the mixed problem is in the replacement of this problem by
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the equivalent problem of the best approximation in the convex set (affine
subspace), the unique solvability of which is well-known. In this case some
norm is being constructed with the help of the operators of the mixed
problem, and the requirement of the unique solvability turns out to be
directly related to the equivalence conditions of this norm and the original
norm of the space X.

2. Basic definitions

2.1. Let X be the real Banach space with the norm ||-||x. If, moreover, X
is the Hilbert space, then the scalar product in it will be denoted by (-,-)x.
If it is clear from the context what norm or scalar product is meant, then
the subscript X will be omitted. The zero element of the space X will be
denoted by the symbol 0.

The adjoint space of the linear continuous functionals over X is denoted
by X*, and the Banach space of the linear limited operators, acting from
X into the Banach space Y is denoted by L(X,Y).

2.2. Let A € L(X,Y) be some linear operator. N(A) and R(A) denote the
kernel and the image of the operator A:

N(A):{:.EEX: A:L‘=0}, R(A)———AX.

It is evident that N(A) is the closed subspace.
Let M C Y be some set. Then its preimage will be denoted in the
following way:
AT M)={zeX: Aze M}.

2.3. The norm generated by an operator. Consider the functional
df
llzlla = [ Az|ly,

which is, evidently, a semi-norm in X. If, méreover, N(A) = {0}, then the
functional || - ||4 will be a norm in X.
If X and Y are the Hilbert spaces, then the bilinear function

(u,0)4 L (Au, Av)y

will give a scalar semi-product in X, which will be a scalar product if
N(A) = {0}.

2.4. Direct sum of the Banach spaces. Let X and Y be the Banach
spaces. Consider the linear space
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Z={z@®y: z€X, yeY}
with the operations of summation and multiplication:

10y +T2Dy2 = (214 22)0 (11 + v2),
Mz®y) = Az @ Ay.

This space becomes the Banach space if we introduce a norm on it, for
example, in the following way:

le @ yllz = (2% + ll9l1%) "7, (2.1)

where 1 < p < oo (at p = oo, the sum of norms in (2.1) is replaced by
the maximum). Let us denote this space by X @, Y and call it the direct
sum of the Banach spaces X and Y with the p-norm. We shall more often
use the 2-norm, and therefore we shall write X @Y instead of X @, Y for
simplicity.

It is evident that all the p-norms given by (2.1) are equivalent.

2.5. Direct sum of operators. Let X, Y, Z be the Banach spaces, and
A € L(X,Y), B € L(X,Z) be some operators. Construct the operator
A @p B by the rule

A®p, Bx = Az @ Bz.

Here the subscript p indicates that the operator acts into the Banach space
Yo, Z

It is evident that the operator A@, B that will be called the direct sum
of operators, is continuous. We shall write simply A @ B instead of A @, B
at p=2.

2.6. Problems of spline approximation. Let X, Y, Z be the real Hilbert
spaces and the operators T' € L(X,Y) and A € L(X, Z) be given.
Let z € R(A). Then the solution to the problem
= in ||Tz|? 2.2
o =arg_min (T (22)
is called the interpolating spline.
Let @ > 0 be some parameter and z € Z. Then the solution to the
problem
On = arg Irélil o||Tz|? + || Az — 2|)? (2.3)

is called the smoothing spline.

Let Z=27,®2,, A= A1 ®A,, where A, € L(X, Z,) and A; € L(X, Z,)
are some operators. Let, also, z; € R(A;), z3 € Z, be some elements and
a > 0 be a parameter. Then the solution to the problem






