5. Interpolating D™-Splines

In Chapter 5 we consider the most important example of multivariate splines in
the variational spline theory. We mean D™-splines. Many results in D™-spline
theory are due to the works of M.Atteia, J.Duchon, W.Freeden, J.Meigneut,
S.L.Sobolev, G.Wahba, etc. A valuable contribution in development of the the-
‘ory has been made by the authors of this monograph too. It concerns the errors
of interpolation for D™-splines, their finite-element analogs, D™-splines with
boundary conditions. The exact rates of convergence were presented in Chapter
4 on the basis of a general technique, but here we make more precise formu-
lations. All error estimates attained in the Chapter are given in the Sobolev
semi-norms. To get them we prove the so called lemma on the Sobolev func-
tions with condensed zeros. Then this lemma is applied in different situations.
The sense of the lemma consists in the following: if a function has a dense set
of zeros, and its Sobolev norm or semi-norm is bounded, then this function is
very small.

Section 5.2 contains the description of well-known B-splines, and an algo-
rithm of interpolation for multivariate functions on scattered meshes based on
B-splines is considered. Here, useful for programmers algorithms of assembling
the matrices is presented in detail. A more interesting part of this Section con-
cerns the convergence in the anisotropic Sobolev spaces. In Section 5.1 we prove
that replacing the minimized semi-norm of isotropic Sobolev space by the semi-
norm of anisotropic Sobolev space does not change the error estimates. Here
we show that the degrees in error estimates in the interpolation of multivariate
functions on scattered meshes do not change if we change a minimized semi-
norm by the equivalent one. These facts allow us to construct and use a special
semi-norm in B-spline space which is calculated faster than the conventional
Sobolev semi-norm. Finishing Section 5.2 we give proofs of error estimates for
spline-interpolation on B-splines.

In Section 5.3, we study D™-spline in the space IR". Here we formulate the
characterization theorems for these splines in the terms of reproducing kernels,
and give the error estimates for the spline-interpolating problem. Further we
propose a special example of interpolating and smoothing the function given
on the finite set of spheres by its average values. The errors of approximation
for such an interpolation are also presented.
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5.1. D™-Splines in Bounded Domain

5.1.1. Interpolating D™-Splines in Isotropic and Anisotropic
Sobolev space

Let 2 C R™ be a bounded, simply connected domain with a Lipschitz boundary,
and let m > n/2 be an integer. We then have a compact imbedding of the space
W] () into C(2). The semi-norm
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defines the following norm '
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in WJ*(12). Here a = (ai,...,a,) are multi-indices with non-negative integer
components, |a| = a;+...4+an, al=ay!-...-ap!, D% = d™u /0% z;...0z,
are partial derivatives of the m-th order. Likewise, other semi-norms,
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can be introduced in the space WJ"(§2), with the parameters k and p satisfying
conditions

k—Egm—g, p>2, except(k=m—n/2& p=oc0). (5.3)
p
Note that conditions (5.3) imply the imbedding W*(12) C W:(.Q)

Let f € W*(2), K = {Py,..., Pn} be a set of points from §2. The element
o € W*(12) is said to be an interpolating D™ -spline (see also Section 1.3.3.) if
this element is a solution to problem

= D™ 5.4
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where K~ 1(f) = {u € W*(2) : u(P;) = f(Pi), it = 1,..., N}. The following
necessary and sufficient equalities
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for the spline ¢ to be an interpolating D™-spline are known as an orthogonal
property.

In Chapter 4, we have shown that if the sets A;, Az,... form a condensed
h-net in 2, then the D™-splines o;, which are the solutions to problems






